A sparse version of Mantel
Introduction
Mantel's theorem [13] is known as a cornerstone result in extremal combinatorics, which shows that every triangle-free graph on n vertices has at most ⌊n 2 /4⌋ edges and the unique triangle-free graph that achieves this bound is the complete bipartite graph whose partite sets are as equally-sized as possible. In other words, every maximum (with respect to the number of edges) triangle-free subgraph of K n is bipartite.
It is natural to generalize Mantel's theorem to hypergraphs. The generalized triangle, denoted by T k , is a k-uniform hypergraph with vertex set [2k − 1] and edges {1, . . . , k}, {1, 2, . . . , k − 1, k + 1}, and {k, k + 1, . . . , 2k − 1}. The Turán hypergraph T r (n) is the complete n-vertex r-uniform r-partite hypergraph whose partite sets are as equally-sized as possible. In particular, Mantel's Theorem states that the maximum triangle-free graph on n vertices is T 2 (n). Frankl and Füredi [11] proved that the maximum 3-uniform hypergraph on n vertices containing no copy of T 3 is T 3 (n) for n > 3000. In [15] , Pikhurko proved that there exists an n 0 such that for all n ≥ n 0 , the maximum 4-uniform hypergraph on n vertices containing no copy of T 4 is T 4 (n). Actually, there are also some results on the maximum k-uniform hypergraphs containing no copy of some other specific hypergraphs, such as paths and cycles [7, 12, 14] .
DeMarco and Kahn [10] considered a sparse version of Mantel's Theorem. Let G be the Erdős-Rényi random graph G(n, p). An event occurs with high probability (w.h.p.) if the probability of that event approaches 1 as n tends to infinity. It is interesting to determine for what p every maximum triangle-free subgraph of G(n, p) is w.h.p. bipartite. DeMarco and Kahn proved that this holds if p > K log n/n for some constant K, and apart from the value of the constant this bound is the best possible. Problems of this type were first considered by Babai, Simonovits and Spencer [2] . Brightwell, Panagiotou, and Steger [5] proved the existence of a constant c, depending only on ℓ, such that whenever p ≥ n −c , w.h.p. every maximum K ℓ -free subgraph of G(n, p) is (ℓ − 1)-partite.
Recently, Balogh et al. [3] studied an extremal problem of this type in random 3-uniform hypergraphs. For n ∈ Z and p ∈ [0, 1], let G r (n, p) be a random runiform hypergraph with n vertices and each element of
[n] r occurring as an edge with probability p independently of each other. Note that in particular,
is the usual graph case. Balogh et al. showed that for p > K log n/n for some constant K, every maximum T 3 -free subhypergraph of G 3 (n, p) w.h.p. is tripartite and it does not hold when p = 0.1 √ log n/n.
In this paper, we extend this type of extremal problem in random 4-uniform hyper-graphs. Denote by T the 4-uniform hypergraph T 4 with vertex set {1, 2, 3, 4, 5, 6, 7} and edge set {1234, 1235, 4567}. As a sparse version of Pikhurko's result, we obtain the following theorem. We should point out that the proof technique of Theorem 1.1 is similar but more complicated than that of Balogh et al. used in [3] . The following theorem from [16] states asymptotic general structure, which is much useful to our proof of the main result. Actually, asymptotic general structure statements can also be concluded from the recent results of [4, 8, 9, 16] , et al..
The rest of the paper is organized as follows. In Section 2, we introduce some more notation and prove some standard properties of G 4 (n, p). The main theorem is proved in Section 3. To simplify the formulas, we shall omit floor and ceiling signs when they are not crucial. Undefined notation and terminology can be found in [6] .
Preliminaries
Let G denote the 4-uniform random hypergraph G 4 (n, p). The size of a hypergraph H, denoted by |H|, is the number of hyperedges it contains. We denote by q(G) the size of a largest 4-partite subhypergraph of G. We simply write x = (1 ± ǫ)y
) and a 4-uniform hypergraph H, we say that an edge e of H is crossing if e ∩ A i is non-empty for every i. We use H[Π] to denote the set of crossing edges of H.
The link hypergraph L(v) of a vertex v in G is the 3-graph with vertex set V (G) and edge set {xyz : xyzv ∈ G}. The crossing link hypergraph L Π (v) of a vertex v is the subhypergraph of L(v) whose edge set is {xyz : xyzv is a crossing edge of
is the size of L Π (u, v). Given three vertices u, v and w, their co-neighborhood N(u, v, w) is the set {x : xuvw ∈ G}, and the co-degree of u, v and w is the number of vertices in their co-neighborhood. Similarly, given two vertices u and v, their co-neighborhood N(u, v) is {xy : xyuv ∈ G}; the co-degree of u and v is the number of elements in their co-neighborhood.
Given two disjoint sets A and B, we use [A, B] to denote the set {a∪b : a ∈ A, b ∈ B}. In this paper, [A, B] usually consists of edges. Given a graph or hypergraph G,
. We say a vertex partition Π with four classes, which we will call a 4-partition, is maximum if |G[Π]| = q(G). Let F be a maximum T -free subhypergraph of G. Clearly q(G) ≤ |F |. Thus, to prove Theorem 1.1, it is sufficient to show that w.h.p. |F | ≤ q(G). Moreover, we will prove that if F is not 4-partite, then w.h.p. |F | < q(G).
In the following, some propositions of G 4 (n, p) will be stated. We will use the following Chernoff-type bound to prove those propositions. In the sequel, we use c ǫ to denote the constant in Lemma 2.1.
Proof. For each triple of vertices u, v, w, let X u,v,w denote the number of vertices x ∈ V \ {u, v, w} such that xuvw is an edge. Letting µ = E[X u,v,w ], we have µ = p(n − 3), and by Lemma 2.1,
. By the union bound, it follows that with probability at most n 3 n −4 = n −1 , the event |X u,v,w − µ| > ǫµ holds for some {u, v, w}. Therefore, w.h.p. there is no such {u, v, w}.
the co-degree of any pair of vertices in
Proof. For each pair of vertices u and v, let X u,v be the random variable given by the number of pairs of vertices x, y ∈ V \ {u, v} such that xuvy is an edge. Letting
, and then by Lemma 2.1,
. By the union bound, it follows that the probability that |X u,v,w − µ| > ǫµ for some {u, v, w} is at most n 2 2e
−cǫ
the common degree of any pair of vertices in
Proof. For two disjoint sets of vertices {u, v} and {a, b, c}, let A a,b,c u,v be the event {uabc ∈ G, vabc ∈ G}, and let X a,b,c u,v be the indicator random variable of A
, and by Lemma 2.1,
By the union bound, it follows that the probability that |d(u, v) − µ| > ǫµ for some {u, v} is at most n 2 e −cǫ n 3 p 2 12
= o(1).
Proposition 2.4 For any
Proof. For each vertex v, let X v be the random variable given by the number of triples of vertices x, y, z ∈ V \ {v} such that vxyz is an edge.
By the union bound, it therefore follows that the probability that |d(v) − µ| > ǫµ holds for some v is at most n2e
, and any vertex v ∈ A 1 we have
Then by the union bound, the probability that the statement does not hold is bounded by
For a vertex v and a vertex set S, let E be a subset of {vxab ∈ G : x ∈ S} satisfying that for any x ∈ S, there exists
] with x ∈ S and uwz ∈ Q, we can find a T = {vuwz, xuwz, vxab}, where vxab ∈ E. The condition u, w, z / ∈ W in the definition of G v,E [S, Q] guarantees that we can find such a T . Proposition 2.6 For any 0 < ǫ, ǫ 1 , ǫ 2 < 1, there exists a constant K such that if p > K log n/n, then w.h.p. for any choice of {v, S, E, Q} as above with |S| = ǫ 1 n,
, we have the relation as follows.
On the other hand, we have
We have at most n choices for v, n ǫ 1 n choices for S, 2 pn 2 ·ǫ 1 n choices for E and 1 3 pn 3 ǫ 2 pn 3 choices for Q. Then by the union bound, the probability that the statement of Proposition 2.6 does not hold is bounded by n n ǫ 1 n 2 Proof. It suffices to prove it when ǫ is small. For a partition Π = (A 1 , A 2 , A 3 , A 4 ) , it is clear that |F | ≥ q(G) ≥ |G[Π]|. And Proposition 2.5 implies that w.h.p.
. Consider a partition satisfying
, then we have |F | ≥ (
If Π is not a balanced partition and Proof. Let ǫ = 0.1. By Proposition 2.5, we assume that
, and therefore, for some small constant c, and therefore is o(1).
The following lemma plays an important role in the proof of Lemma 3.1. 
are independent events. Consequently, the probability that B(u, v, w) holds for at least r triples is at most n 3 Proof of Theorem 1.1
Let F be a T -free subhypergraph of G. We want to show that |F | ≤ q(G). We first state two key lemmas. The first lemma proves |F | ≤ q(G) with some additional conditions on F . Define the shadow graph of a hypergraph H is a simple graph with xy an edge if and only if there exists some edge of H that contains both x and y. Let F 0 be a maximum T -free subhypergraph of G. By Theorem 1.2 and Proposition 2.7, w.h.p. Condition (i) of Lemma 3.1 holds for every δ > 0. Without loss of generality, we may assume that |B 1 | ≥ |B 2 |, |B 3 |, |B 4 |. If F 0 is not 4-partite, then Condition (ii) of Lemma 3.1 holds. Moreover, if P (Π) = ∅, then Condition (iii) of Lemma 3.1 also holds. Therefore, if P (Π) = ∅ and F 0 is not 4-partite, then we can apply Lemma 3.1 to F 0 and get that |F 0 | < q(G), a contradiction. Hence if P (Π) = ∅ for every balanced partition Π = (A 1 , A 2 , A 3 , A 4 ), then the proof would be completed. Thus, we need to consider the case that P (Π) = ∅. The following lemma tells us that if P (Π) = ∅, then Π is far from being a maximum 4-partition.
Lemma 3.2 There exist positive constants K and δ such that if p > K log n/n, the 4-partition Π is balanced, and P (Π) = ∅, then w.h.p. It follows thatB 1 is an empty set. Since we assume that
The proof is thus completed.
Proof of Lemma 3.1
Let
Let M be the set consisting of crossing edges in G \ F . To prove Lemma 3.1, it suffices to prove that 4|B 1 | < |M|, so we assume for contradiction that |M| ≤ 4|B 1 | ≤ 4δpn 4 . Our aim is to derive a lower bound for |M|, which contradicts to our assumption.
For each edge W = w 1 w 2 w 3 w 4 ∈ B 1 , with w 1 , w 2 ∈ A 1 , from Condition (iii), we have w 1 w 2 / ∈ P (Π), which implies there are at least
y ∈ A 3 , and z ∈ A 4 such that w 1 xyz and w 2 xyz are both crossing edges of G. By Proposition 2.1, the co-degree of any three vertices is w.h.p. at most 2pn. Hence, there are at least α 32
p 2 n 3 choices of such triple (x, y, z) satisfying w 3 , w 4 / ∈ {x, y, z}, and then each of these triples (x, y, z) together with W form a copy of T = {w 1 w 2 w 3 w 4 , w 1 xyz, w 2 xyz} in G. Since F contains no copy of T , at least one of w 1 xyz and w 2 xyz must be in M.
We can obtain a lower bound for |M| by counting the number of T in G that contain some edge W ∈ B 1 , since each such T must contain at least one edge in M.
Unfortunately, it is not easy to count the number of T directly. Actually, we will count copies ofT instead of T in G, whereT is a 4-graph on 5 vertices {w 1 , w 2 , x, y, z} with two crossing edges w 1 xyz, w 2 xyz such that there exists W ∈ B 1 with w 1 , w 2 ∈ W ∩ A 1 and x, y, z / ∈ W . It is easy to see that everyT yields many copies of T containing some edge W ∈ B 1 . From the previous argument, we know that for every pair w 1 , w 2 ∈ W ∩ A 1 taken from some edge W ∈ B 1 , there are at least 1 80
Let L be the subgraph of F S induced by the vertex set
We first prove four claims, which will be needed in the proof of Lemma 3.1.
Proof. Since every vertex in C has degree at least ǫ 1 n in L, we have
On the other hand, we show that |E(L)| ≤ 640δn 2 . For each edge wu ∈ E(L), since wu / ∈ P (Π), there are at least 1 80
that {w, u, x, y, z} is the vertex set of aT in G. So at least one of wxyz and uxyz must be in M. By Proposition 2.1,
Since we assume
The next three claims provide lower bounds for |M| with different parameters.
Proof. This inequality is trivial if |C 1 | = 0, so we assume
We have the number of neighbors of w in L, denoted by |N L (w)|, satisfying |N L (w)| ≥ ǫ 1 n and |Q w | ≥ ǫ 2 pn 3 . We will count the number of copies ofT with the vertex set {w, u, x, y, z} in G such that w ∈ C 1 , u ∈ |N L (w)|, wxyz ∈ F and uxyz ∈ G. By Proposition 2.6 with v = w, S ⊆ N L (w) and |S| = ǫ 1 n, E = {W ∈ B 1 : w ∈ W } and Q ⊆ Q w with |Q| = ǫ 2 pn 3 , there are at least 1 2 |S||Q|pT 's for each w ∈ C 1 . Thus, the total number of such copies ofT is at least 1 2
We call an edge abcd ∈ M bad if a ∈ A 1 , b ∈ A 2 , c ∈ A 3 , d ∈ A 4 and there are at least 2ǫ 3 pn vertices x ∈ C 1 such that xbcd ∈ G. Since |C 1 | ≤ |C| ≤ ǫ 3 n (Claim 3.1), from Lemma 2.2 with ǫ = ǫ 3 , β = ǫn, r = log log n p , A = C 1 , there are at most T 's. Thus, the number of copies ofT estimated in (3) that contain a non-bad edge from M is at least
log log n p .
Since 2pn 2 log log n p ≤ 2p 2 n 2 log log n p = 2pn 2 log log n ≤ 1 8
copies ofT estimated in (3) that contain a non-bad edge from M. By the definition of bad edges, every such non-bad edge in M is in at most 2ǫ 3 pn such copies ofT , so we have
The following claim gives us another lower bound for |M|, its proof is similar to Claim 3.2, but we need more complicated analysis.
Proof. Since for each wu ∈ E(L ′ ), wu / ∈ P (Π), there are at least 1 80
, such that {w, u, x, y, z} is the vertex set of aT in G. So the total number of suchT is at least
And for each of these copies ofT , there must be at least one of wxyz, uxyz in M.
For an edge xabc ∈ M with x ∈ V (L ′ ), we will count copies ofT containing edge xabc in G. Call an edge xabc bad if there exist at least 2ǫ 1 pn y ∈ N L ′ (x) with yabc ∈ G. Combining with Proposition 2.2, there exist at most min{2pn,
Denote by r x the number of (a, b, c) such that xabc is bad. Therefore, the number of copies ofT that contain a non-bad edge from M is at least 1 2
We will prove
, we have three cases.
We apply Lemma 2.2 with β = ǫ 1 n and r = log log n p to obtain that r x ≤ log log n p .
log n log log n ]. We apply Lemma 2.2 with β = log n p k n k and r = β/100 to obtain that r x ≤ log n
We apply Lemma 2.2 with β = 2pn and r = p 2 n 2 100 to obtain that r x ≤ p 2 n 2 100
. One can easily check that, for each of the above three cases,
Therefore, the number of copies ofT estimated in (4) is at least 1 4
Bearing in mind that a non-bad edge is in at most 2ǫ 1 pn copies ofT estimated in (4), thus, we have
Proof. For every vertex x ∈ C 2 , the number of edges in F [Π] containing x is at most ǫ 2 pn 3 . On the other hand, by Proposition 2.5, w.h.p. the crossing degree of x in G is at least
. Thus, there are at least
edges of M incident to x, so |M| ≥ 
1 , we have the following three cases. Recall that we have proved three different lower bounds for |M|, we will show in any one of the following three cases, a lower bounds for |M| is larger than 4|B 1 |. 
Since d Γ (x) = f (x) ≥ γpn 3 , for any two vertices x and x ′ , we have
. Also since R satisfies (5), so for each y ∈ Y we have
Let µ = p Recall that, with probability at least 1 − e −c|R|n 3 p 2 , the sum holds with probability at least 1 − e −c|R|n 3 p 2 , which proves (7). It is easy to check that the constant δ in Lemma 3.1 satisfies δ < γϕ/2, so we can just let δ be the constant δ in Lemma 3.1.
